We present a theory of excitonic quantum Hall droplet ͑EXQHD͒ at filling factor = 2 in a self-assembled quantum dot ͑SAD͒ subject to strong perpendicular magnetic field B. Using exact diagonalization technique we determine the ground and excited states, the stability against spin flips, and the optical emission spectrum of the = 2 EXQHDs. In contrast with one-component electronic droplets, the singlet-singlet = 2 EXQHD is found to be intrinsically correlated, and stable even in high magnetic fields due to the neutrality of exciton. The characteristic spin related emission spectrum and its magnetic field evolution from the EXQHD are predicted.
I. INTRODUCTION
Integer and fractional quantum Hall effects in strongly interacting two-dimensional ͑2D͒ systems have been extensively investigated. 1 In contrast to an electron system, the 2D electron-hole system in the spin polarized lowest Landau level is predicted to have a simple nature due to hidden symmetry ͑HS͒. 2 The HS results from the degeneracy of the Landau level ͑LL͒ and the symmetry of the electron-electron ͑e-e͒, electron-hole ͑e-h͒, and hole-hole ͑h-h͒ interactions. The many cancellations of the e-e, h-h, and e-h interactions yield a simple form of the commutator ͓H , P + ͔ = E X P + between the Hamiltonian H of the e-h system and polarization operator P + , where E X is the exciton energy. 3 As a result, a class of eigenstates, the multiplicative states, of the strongly correlated N X -exciton system, is known.
The concept of hidden symmetry has been extended to degeneracies in self-assembled quantum dots ͑SADs͒ in zero and weak magnetic fields. [4] [5] [6] [7] [8] It was found that, for even number N X of excitons on a degenerate electronic shell of SAD, additional hidden symmetry exists. This symmetry, associated with bi-exciton operator Q + , involves pairs of electrons and holes and leads to degeneracy of the singlet-singlet ͑SS͒ bi-exciton and the spin polarized triplet-triplet ͑TT͒ biexciton generated by the ͑P + ͒ 2 operator. [3] [4] [5] [6] Recent optical experiments on self-assembled quantum dots in high magnetic fields 9, 10 demonstrate that it is possible to experimentally examine photo-generated electrons and holes occupying the quantum dot states of the lowest Landau level ͑LLL͒. Such a droplet, shown schematically in Fig. 1 , will be called here the excitonic quantum Hall droplet ͑EXQHDs͒ by analogy to one-component electronic quantum Hall droplets.
Much is known about electronic quantum Hall droplets ͑QHDs͒ in lateral gated quantum dots. The Coulomb and spin blockade spectra identified the = 2 and = 1 quantum Hall droplets as a function of the magnetic field and electron number. 14, 16, 19, 20, 35 Experimentally, the most easily identified in the addition spectra is the = 2 QHD. [19] [20] [21] The stability of the = 2 QHD against transitions into second Landau level at low magnetic fields as well as against spin flips at high magnetic fields was studied theoretically and experimentally. 25, 35 The spin flip transitions can be understood by retaining only states of the LLL. In the = 2 droplet in the lowest Landau level approximation, electrons with spin up and down occupy successive angular momentum states m. There is only one configuration with this total angular momentum L tot and hence the = 2 electronic QHD is an exact eigenstate of the interacting Hamiltonian. 25 With increasing magnetic field the ground state ͑GS͒ of the electronic QHD evolves from the spin singlet = 2 state toward spin-polarized state at =1. It was found that strong correlations give rise to oscillations of the total spin at filling factor 1 Ͻ Ͻ 2. 11, [26] [27] [28] 30, 35, 36 By contrast with electronic QHDs, in excitonic QHD it is possible to move simultaneously the electron and valence hole with- out changing the total angular momentum L tot . As a result, an excitonic QHD at = 2 involves a large number of configurations even in the LLL approximation and is intrinsically correlated. Theoretically, the question of what drives the spin flips and whether the spin singlet excitonic = 2 droplet will evolve toward the spin polarized = 1 droplet remains open. Alternatively, we can ask how do hidden symmetries associated with operators Q + and P + , and corresponding multiplicative states, survive in the presence of lateral confinement and Zeeman energy. These questions are particularly timely due to recent progress in self-assembled quantum dot spectroscopy in high magnetic fields. 9, 37 In this paper we attempt to answer them by formulating a theory of excitonic quantum Hall droplets.
The paper is organized as follows. In Sec. II, the singleparticle properties and the model Hamiltonian of interacting electrons and holes are introduced for InGaAs SADs. In Sec. III, we discuss the ground states of EXQHD as a function of applied magnetic field B, exciton number N x , and spin. In Sec. IV, we analyze the excitation spectra of = 2 EXQHD's classified by electron and hole spin polarizations and discuss the characteristic spin-related emission spectra from EXQHDs; we summarize our results in Sec. V.
II. THE MODEL HAMILTONIAN

A. Single particle properties
For a quasi-two-dimensional cylindrically symmetric postannealed SAD, the confining potential can be modeled by a two-dimensional ͑2D͒ parabolic confining potential,
where the subscript ␤ = e / h denotes the particle type, i.e., an electron or a valence hole, r ជ ␤ = ͑x ␤ , y ␤ ͒ is the position coordinate, m ␤ * is the effective mass, and the confinement energy ␤ parametrizes the confinement strength. 9 The single-particle Fock-Darwin ͑FD͒ spectrum, 26, 39 corresponding to parabolic confining potential and a perpendicular magnetic field ͑B ជ ʈ z ជ͒ is a sum of the two harmonic oscillators
where n , m =0,1,2,... are harmonic oscillator quantum numbers and = ↑ / ↓ is the spin. The energies ⍀ +/− ␤ are de-
where c,␤ = eB / m ␤ * is the cyclotron energy of particle ␤. The angular momentum of the electron ͑hole͒ in state ͑m , n͒ is given by L mn e = m − n ͑L mn h = n − m͒. The last term in Eq. ͑1͒ is the Zeeman term
given by E z = g ␤ u B B ជ · ជ = +g ␤ u B B /2͑−g ␤ u B B /2͒ for particle with spin = ↑ ͑ = ↓ ͒ in the presence of magnetic field, u B is the Bohr magneton and g e/h is the g factor for electron/hole. The value of exciton g factor g X ϵ͑g e + g h ͒ϳ−3 is assumed for InGaAs SADs. 38 The energy gap between conduction and valence band edge is not shown in Eq. ͑1͒ for brevity, and the weak spin-orbit coupling is neglected here. In high magnetic field, the FD states with the same quantum number n constitute the ͑n +1͒th LL of the 2D system and their energies approach those of an ideal 2D system, E = c ͑ n + 1 2 ͒ . The LLL states are those with quantum number n =0.
B. Many-particle Hamiltonian and configurations
The Hamiltonian of an interacting electron-hole system in the language of second quantization reads
where i , j , k , l are the composite indexes of FD states ͉i͘ = ͉m , n , ͘, and the operators c i + ͑h i + ͒ and c i ͑h i ͒ are the particle creation and annihilation operators for electron ͑hole͒. 
, and
Throughout this paper, we consider the SADs with the typical value of the ratio
is the direct interaction between two particles in s state ͑0,0͒ and t = ⑀ 0 e + ⑀ 0 h is the total kinetic energy of both particles. This ratio reflects the relative strength of particle-particle interactions to kinetic energy quantization. The typical value of kinetic energy used in numerical examples is t =4 Ryd * , where the effective Rydberg for the electron with the effective mass m e = 0.05m 0 in InGaAs SADs is Ryd * ϳ 3 meV. We label the multi-exciton state of EXQHD by the number of excitons N x , the total angular momentum of exciton complex L tot , and the z components of total spin of electrons S z e and holes S z h , i.e., ͉N x ; L tot ; S z e ; S z h ͘. For the exciton complexes with zero z component of total spin, we have S z h =−S z e and use only S z e for labeling. The energy spectrum of the interacting N x electrons and holes is calculated by selecting a number N s of lowest energy single-particle states and constructing all possible electron-hole configurations N c corresponding to total angular momentum L tot and the z components of total spin S z . Next the Hamiltonian matrix in a space of N c configurations is constructed and numerically diagonalized. For large matrices, we employ the conjugated gradient algorithm to find the low-lying eigenstates and eigenvalues with high accuracy.
The convergence of results is tested by increasing the number and choice of single particle basis. The numerical results are used to support analytical results given whenever possible.
III. THE = 2 EXCITONIC QUANTUM HALL DROPLET
A. The = 2 excitonic quantum Hall droplet as a correlated state
The noninteracting = 2 excitonic QHD is composed of N x electrons and holes occupying successive spin-up and spin-down LLL states:
This state, illustrated in Fig. 2͑a͒ , is a product of the = 2 droplet of electrons and a = 2 droplet of valence holes. It is characterized by number of excitons N x =2N, total angular momentum L tot = 0, and total spin S z e = S z h = 0. This state minimizes total kinetic energy and contributes significantly to the ground state of the interacting system. However, other configurations which maintain the zero total angular momentum and spin by simultaneously moving electrons and holes into higher angular momentum orbitals m, illustrated in Fig. 2͑b͒ , contribute to the correlated ground state ͉X =2͘:
where the last summation is carried under the condition p − m = pЈ − mЈ. Here configuration A corresponds to the ͉X =2͘ 0 state while configurations B correspond to one-pair excitations of electron and hole droplets, and higher-order terms correspond to a higher number of pair excitations. The configurations B have higher kinetic energy but lead to the reduction of interaction energy and hence contribute to the ground state wave function. As a result of the presence of higher orbital states in the ground state due to correlations, the electron and hole density should be smeared over many orbitals. To illustrate this effect we construct all low-energy states for L tot = 0 for N x = 4 eight-particle EXQHD, calculate the Hamiltonian matrix in the space of these configurations, and diagonalize it to obtain the ground state energy and wave function. Figure 3 shows the distribution of the electron occupancy of the FD state ͑m ,0͒ of a = 2 EXQHD with N x = 4, defined as ͑m , n͒ϵ͗GS͉c m,n + c m,n ͉GS͘, for a number of values of magnetic field with c,e / e =0,2,4,8. The ͑m͒ plot approximates the radial distribution of charge density.
The results denoted by full bars in Fig. 3 were obtained by including up to five LLL states m =0,1, ... ,4 in the calculation. The results shown with empty bars include the p + ͑m =0, n =1͒ state. For weak magnetic fields, particles might occupy the p + state and the LLL approximation is not applicable ͓see Fig. 3͑a͔͒ . At intermediate magnetic fields ͑ c,e =2 e ͒, particles mainly occupy the two lowest LLL states with L e = 0 , + 1, resulting in compact charge density distribution ͓Fig. 3͑b͔͒. In the high magnetic fields with c,e Ͼ 4 e , the edge of the EXQHD turns out to be smeared out because particles start to occupy higher LLL states ͑with L e = +2, +3,...͒ ͓Figs. 3͑c͒ and 3͑d͔͒ due to the mixing between configurations, i.e., correlations. The correlations lower the energy of the = 2 EXQHD, increasing its stability.
B. The = 2 EXQHD and its stability against spin flip excitations
The = 2 electronic droplet is unstable against spin flip excitations. Due to the Pauli exclusion principle, electrons have to move to higher orbitals to flip the spin. This costs the kinetic energy but reduces direct electron repulsion and leads to gains in Zeeman and exchange energies. 25 Here we study the stability of the excitonic droplet against spin flip excitations. Figures 2͑b͒ and 2͑c͒ 
indicates the kinetic and Coulomb energy of a bare spin-up spin-down exciton in state ͑m , n =0͒ and ⌺ X ͑m͒ is dressed exciton self-energy. The factor of 2 is due to two possible spin components in the electron ͑hole͒ system. Making use of the charge neutrality and assuming the similarity of wave functions for electrons and for valence holes allows us to express the self-energy ⌺ X ͑m͒ of the exciton at m by the sum of exchange self-energy of electron and of valence hole
The factor of 2 arises because we count equal contributions from electrons and holes, and the superscript of ⌺Ј indicates mЈ m, i.e., we count only exchange of particles at m with a different particle at mЈ.
In the same way we can directly evaluate the energy E͑2N ; TT͒ of the triplet-triplet spin flip state:
The energy of the TT state differs from the energy of the SS EXQHD state by kinetic, Zeeman, and interaction energies. We see that it costs a large amount of kinetic energy to move the electron and hole up to the next orbital while we gain a small amount of Zeeman energy by flipping spin. The interaction correction consists of two terms, the self-energy term and the electron-hole interaction term. We find that the difference in exciton self-energy ͓⌺ X ͑N͒ − ⌺ X ͑N −1͔͒ Ͻ 0 is negative. This can be seen by writing the difference For EXQHDs, the differences in self-energy and direct e-h interaction are comparable and cancel out to high degree. Hence the kinetic energy and the electron-hole attraction oppose the spin flip TT state from becoming the ground state while the Zeeman and exchange effects drive it toward spin-polarized state. This is in contrast with the electron droplet, where spin flip is driven by exchange interaction and direct e-e repulsive interactions in the form of the attractive interaction between the electron in orbital N and the "quasi-hole" at N − 1 left behind in the = 2 droplet. This electron-"quasi-hole" attraction ͑or vertex correction͒ does not contribute to the energy of the spin-flip state, Eq. ͑6͒, of the excitonic droplet. To understand the vanishing of vertex correction better we can rewrite Eq. ͑6͒ as a difference of two charge neutral objects, "dressed excitons,"
Here ⑀ m X ϵ ⑀ m X + ⌺ X ͑m͒ can be viewed as the energy of a dressed exciton in the m state of the N x -exciton droplet, and
as the energy difference of the dressed excitons in the adjacent states. The two dressed excitons, one of which we created by moving the electron-valence hole pair up to m = N, and the one consisting of a quasi-hole in electronic droplet, and a quasi-electron in the valence hole droplet at m = N − 1, are neutral, and hence there is no attraction between them.
As a result, = 2 EXQHDs should remain a stable ground state in the high magnetic fields, with the only driving force toward the spin polarized state being the Zeeman energy. Beyond the one-configuration approximation, correlation might affect the stability of = 2 EXQHD. However, correlations appear in both of the SS = 2 and the spin-polarized Ͻ 2 EXQHDs and do not particularly favor the Ͻ 2 states. By contrast, in an electronic droplet, a spin-up electron occupying inner orbital state is subjected to strong repulsion ͑instead of attraction͒, which favors the spin polarized =1 droplet.
C. The = 2 excitonic quantum Hall droplet for odd number of particles
Our analysis in the preceding section focused on excitonic quantum Hall droplet with an even number of excitons N x . A similar but more complicated analysis can be carried out for an odd number of excitons. This state ͉2N +1,a͘, illustrated in Fig. 4 , is a product of the odd electron number = 2 droplet of electrons and odd electron number = 2 droplet of valence holes. The other relevant low-energy configurations are also shown in Fig. 4 . The Hamiltonian expanded in the space of these configurations is discussed in detail in the Appendix. It is unfortunately not as amenable to simple analysis, hence we turn to numerical examples.
D. Numerical results
To illustrate and validate the analytical results obtained above we compare the numerically calculated energies of the even and odd number excitonic droplets in the = 2 state with energies of states involving one spin-flip excitation in electron and hole droplets. Figure 5 shows the calculated energies of these two EXQHD states as a function of the magnetic field for number of excitons N x =1-8. The convergence of results calculated using exact diagonalization is obtained by increasing the number of single-particle states up to six spin-degenerate SP states: the five LLL states ͑m =0, n =0͒, ͑1,0͒,…,͑4,0͒ and the p + state ͑m =0, n =1͒ of the second Landau level. All electron-hole configurations were constructed and classified by L tot =0, S z e , and S z h . In the basis of these configurations we diagonalized the Hamiltonian matrix and calculated the lowest states for the Hilbert space ͑N x , L tot , S z e , S z h ͒ employing a conjugated gradient algorithm. To focus on the effect of interactions on the stability of = 2 EXQHD, the Zeeman term is not included in the calculation for Fig. 5 .
Numerical results show in Fig. 5 that the = 2 EXQHD, unlike an electronic droplet, is a stable GS for exciton number and magnetic fields studied. This includes even and odd number excitonic droplets.
Results shown in Fig. 5 are restricted to zero total angular momentum space and to electronic states with symmetries of the Hamiltonian. It is possible that there are electronic states corresponding to lower "broken symmetry." In extended systems these states would correspond to skyrmions and canted phases. [40] [41] [42] In finite systems with finite number of particles the analogies of skyrmions and canted phases translate to a number of complex phases. 21, 41 For skyrmions, the analogies are "spin textures" recently observed in electronic droplets. 36 We wish to stress that the single-particle basis employed here allows for both the "spin textures" observed in electronic droplets and for remnants of canted phases studied in double quantum dots. Numerical results indicate that these states are not ground states of the system. Finally, to examine if the zero angular momentum =2 EXQHD's are truely stable GS's, we use the six lowest LL states to calculate numerically the states of the EXQHD's corresponding to higher total angular momenta. In Fig. 6 we compare the lowest energy levels of the L tot =0 =2 EXQHD's to the other lowest levels for increasing angular momentum L tot = 1 , . . . , 6, and all possible total spins for two representative EXQHD's with N x = 4 and 5. We find the = 2 EXQHD's to be a stable GS for at least c,e Ͻ 8 e . The transition to a spin-polarized state takes place at very high magnetic fields ͑ c,e / e Ͼ 5͒ when the Zeeman term is taken into account. Interestingly, these transitions are driven by the competition of kinetic and Zeeman energies as if the system was noninteracting.
IV. EMISSION SPECTRA AND EXCITATION SPECTRA OF EXCITONIC QUANTUM HALL DROPLETS
The excitonic quantum Hall droplet and its spectrum of excitations can be observed in emission spectra. The emission spectrum A͑N x ; ͒ from a N x -exciton QHD is given by Fermi's golden rule,
͑8͒
Here polarization operator P − = ͚ m h m− c m removes the e-h pair with the same orbital quantum number and opposite spin from the EXQHD. The recombination of the e-h pair generates a photon with the energy equal to the difference of the energy of the initial state of the N x -exciton, E i N x , and that of final state of the ͑N x −1͒-exciton complex, E f N x −1 . Assuming fast relaxation of photoexcited e-h pairs, the initial state is assumed to be the N x -exciton GS. Since the angular momentum of the GS of a N x -exciton droplet is zero, only the final states with L tot = 0 can be involved in the optical transition and are optically active. Figure 7 shows the calculated emission spectra from EX-QHD with different N x =1,2, ... ,8 in the magnetic field with c,e =2 e . In the calculation, we take at least the four lowest single-particle states to build excitonic configurations and increase the cutoff energy until the converged results are obtained. The numerical result shows that most high-intensity PL peaks are located at high energies in the spectrum. They involve the N x -exciton GS and the ͑N x −1͒-exciton low-lying excited states ͑L tot =0͒. We see that the high-energy emission spectra for different even ͑odd͒ N x 's show very similar features. This is due to the simplicity of the electronic structure of EXQHD. The following analysis is focused on two representative cases: the emission from EXQHD with odd excitons N x = 5 and with even excitons N x = 6. Starting with the odd number of excitons we probe the excitation spectrum of the even EXQHD, while starting from even EXQHD, we probe the excitation spectrum of the odd EXQHD.
A. Emission from odd number of excitons
The emission spectrum of the excitonic droplet with an odd number of excitons, e.g., N x = 5, probes the excitation spectrum of the even exciton number EXQHD, e.g., N x =4. In Fig. 8͑a͒ we show the numerically calculated excitation spectrum of the EXQHD with N x = 4 as a function of the magnetic field. Figure 8͑b͒ shows an example of the emission spectrum from the N x = 5 EXQHD in the magnetic field corresponding to cyclotron energy c,e =2 e . For transparency, we take in the calculation few low-energy configurations relevant to the high-energy emission peaks, i.e., one configuration for the N x =5 GS ͉5X ; GS͘ = ͉5X ; a͘ and the low-energy configurations for N x = 4 states, truncated with the cutoff energy ⌬E cut = ͑⍀ − e + ⍀ − h ͒. In spite of the simplification, the calculated emission spectrum shown in Fig. 8͑b͒ recovers most of the features of the spectrum of Fig. 7 . The excitation spectrum consists of many excited states with different spin and total angular momentum. The emission spectrum maps out the limited number of optically active states of EXQHD with exciton number N x −1=4, which we indicate with solid lines in Figs. 8͑a͒ and 8͑c͒.
The four PL peaks shown in 8͑b͒ involve the SS GS and the three excited four-exciton TT, ST/TS and SS excited states classified by different electron and hole spin. Within the one-configuration approximation, it is straightforward to know the ratio of the PL peaks related to the SS GS, the TT, ST/TS and SS excited states given by 4:5:2:1. The strongest peak arises from two of the three-fold degenerate TT states. The GS-to-GS transition yields the next high-intensity peak with the highest energy equal to the chemical potential. The peak involving the SS GS shown in Fig. 8͑b͒ has higher intensity than expected. This is because, beyond the oneconfiguration approximation, the coupling between the two SS configurations ͉4X ; SS; a͘ and ͉4X ; SS; b͘ leads to the enhancement of its intensity. By contrast, the coupling of configurations results in the suppression of the intensity of the PL peak, involving the other SS state, at lower energy. We also see that each PL peak exhibits different dependence of energy on B ͓Fig. 8͑a͔͒. The main peak related to the 4X SS GS shows the weakest B-dependence while the energy of the peak related to TT states is most sensitive to the magnetic field. Figure 9͑a͒ shows the calculated emission spectra from EXQHD with N x = 5 for different applied magnetic fields with c,e / e = 0 , 0.25, . . . , 4.0. In the calculation, as many configurations as possible built by the four lowest singleparticle states are taken. The characteristic emission pattern shown in Fig. 8͑b͒ persists for high magnetic fields. In lower magnetic fields c,e Ϸ e , the crossing of the p and d states is visible and leads to observable changes in the emission spectrum. 
B. Emission from even number of excitons
Emission spectrum of the excitonic droplet with even number of excitons, e.g., N x = 6, probes the excitation spectrum of the odd exciton number EXQHD, e.g., N x = 5. Figure  8͑c͒ shows the numerically calculated excitation spectrum of EXQHD with N x = 5. The 5 ϫ 5 Hamiltonian matrix of the five-exciton droplet shown in the Appendix generates four optically active states. The magnetic field evolution of the energy spectrum for EXQHD with N x = 5 shows the similarity to that for N x = 4 shown in Fig. 8͑a͒ . The emission spectrum from a EXQHD with even number N x = 6 maps out those bright five-exciton states and Fig. 8͑d͒ shows the emission spectrum for the magnetic field corresponding to c e =2 e . In spite of the similarity of the excitation spectrum, the emission pattern characterized by peak intensity shows different features from that of the EXQHD with odd exciton number. In particular, the PL peak arising from the GS-to-GS transition has much higher intensity than the emission from excited states. This is because the 5X GS, dominated by the configuration ͉5X ; a͘, can be well approximated by the state created by applying the polarization operator to the N x =6 GS for the topmost e-h pair, i.e., ͉5X ; GS͘ϳh 2,↓ c 2,↑ ͉6X ; GS͘. This leads to the oscillator strength of the PL transition between the two GS's very close to its maximum value, and much larger than the emission from excited states. Figure 9͑b͒ shows the magnetic field evolution of the PL spectra with N x = 6 shown in Fig. 9͑d͒ . The numerically calculated results for high magnetic fields are in agreement with the simple analysis presented above. In lower magnetic fields c,e Ϸ e , the crossing of the p and d states is visible in the high-energy part of the emission spectrum. In the low-energy part the crossing of levels leads to level splitting/merging in the emission spectrum.
The emission pattern characterized by intensities of ground and excited states thus can be used to identify the exciton number of EXQHD.
V. SUMMARY
In summary, we investigated the ground and excited states, the stability against spin flips, and the optical emission spectrum of the = 2 excitonic quantum Hall droplet in InGaAs SADs. In contrast with one-component electronic = 2 droplets, the neutral excitonic quantum Hall droplet was shown to be intrinsically correlated and stable against spin flip excitations. The droplet was shown to be characterized by a characteristic spin-related emission pattern sensitively related to the even or odd exciton number. The emission pattern is hoped to be treated as the fingerprint of the excitonic quantum Hall droplet in experiments. The Hamiltonian matrix for the EXQHD with N x =2N + 1 in the basis of the configurations ͉2N +1;a͘, ͉2N +1;b ± ͘ϵ͉͑2N +1;b1͘ ± ͉2N +1;b2͒͘ / ͱ 2, and ͉2N +1;c ± ͘ ϵ͉͑2N +1;c1͘ ± ͉2N +1;c2͒͘ / ͱ 2 ͑see where the label N x =2N + 1 is omitted for brevity ͑e.g., ͉a͘ denotes ͉N x =2N +1;a͒͘. The matrix elements in Eq. ͑A1͒ are given by The 5 ϫ 5 Hamiltonian matrix in Eq. ͑A1͒ generates five five-exciton eigenstates: four optically active states and one inactive state. The energy spectrum of the optically active states versus magnetic fields is shown and indicated with thick solid lines in Fig. 8͑c͒ .
